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CHAPTER 1 INTRODUCTION
As is wel l  known, factor  analysis is  a mathemat ical  model  which
at t .empts to expla in correlat ions between a large set .  of  p var iables
in terms of  k under ly ing factors (k<p).  These factors are consider-
ed  as  l a t en t  va r i ab les .  I f  f ac to r  ana l ys i s  i s  no t  me re l y  r ega rded
as a data analyt ical  method but  as a technique which is  useful  to
judge the adequacy of  the presupposed model  in the populat ion,  a
fo rma l  s t a t i s t i ca l  t heo ry  i s  r equ i r ed .  S ta t i s t i ca l  i n f e rence  i n
f ac to r  ana l ys i s  i s  d i scussed  i n  de ta i l  i n  Ande rson  &  Rub in  ( 1956 ) .
I t  is  said that  the k- factor  model  holds in the populat ion i f  every
var iable in a p-dimensional  random vector  can be taken as an
addi t ion of  l )  a l inear combinat ion of  k cormnon random factors,
2)  a unique random factor  and 3)  a constant .  The common fac[or
we igh t s  a re  co l l ec ted  i n  a  p *k  ma t r i x  wh i ch  i s  ca l l ed  t he  f ac to r -
pa t t e rn  ma t r i x .
W i t h  add i t i ona l  assump t i ons  ( see  sec t i on  2 .1 ) ,  t he  va l i d i t y  o f
lhe k- factor  model  can be expressed in a decomposi t ion of  the p*p
populat ion var iance-covar iance rnatr ix  in terms of  three maErices.
These  na t r i ces  a re  t he  f ac to r -pa t t e rn  ma t r i x  A ,  t he  k *k  co r re l a t i on
nralr ix  of  the conrnon factors 0 and the p*p diagonal  var iance-
covar iance matr ix  of  Ehe unique factors Y.  The decomposi t ion is  of
centra l  importance in the present thesis.
The factor  model ,  however,  exhib i ts  indeterminacies.
l .  I f  t he  k - f ac to r  r node l  ho lds  r hen  t he  ( k+ l ) - f ac to r  mode l  ho lds
( see  Re ie r s l l ,  1950 ) .  Th i s  p rob lem i s  usua l l y  so l ved  by  t r y i ng
to determine the minimal  value for  k for  which the decomDosic ion
e x i s t s .
2 .  I f  t he  k - f ac t . o r  mode l  ho lds  g i ven  k ,  d i f f e ren t  so l u t i ons  f o r  Y
rnay exist . .  However,  i f  k  is  less than a wel l -known upper bound
( s e e  s e c t i o n  2 . 1 ) ,  i d e n t i f i a b i l i t y  o f  Y  i s  g e n e r a l l y  t o  b e
e x p e c t . e d  ( s e e  R e i e r s d l ,  I 9 5 0 ) .
3 ,  I f  t he  k - f ac to r  node l  ho lds  g i ven  k  and  Y ,  d i f f e ren t  so l u t i ons
fo r  t he  pa i r  ( 4 .  @)  ex i s t  ( r o ta t i ona l  i nde te tm inacy ) .
4 .  I f  t he  k - f ac to r  mode l  ho lds  g i ven  k ,  V  and  (A ,  @) ,  d i f f e ren t
solut ions exist  for  the comnon and unique factors ( factor  score
indeterminacy) .
I t  should be noted that  in the decomposi t ion the fourEh indeter-
minacy is  not  re levant .  DeEerminat ion of  factor  scores is  thus
no t  cons ide red  i n  t he  p resen t  s t udy .  Usua l l y ,  t he  i n t e rp re ta t i on
o f  t he  f ac to r -pa t t e rn  ma t r i x  i s  t he  essen t i a l  pa r t  o f  a  f ac to r
ana l ys  i s .
The point  of  v iew in the present study is  that  the indeterminacies
are due to a lack of  a sound theorel ical  f ramework in which a
fac to r  ana l ys i s  shou ld  be  embedded .  Mo reove r ,  f ac to r  ana l ys i s
acquires i ts  re levance in Ehe interpretat ional  stage in vhich an
esco r t i ng  t heo ry  i s  r equ i r ed .  The  op in i on  o f  E l f f e r s ,  Be th l ehem
and  G i l l  ( 1978 )  i s  adop ted  he re :  "F i na l l y  t he  i n t e rp re t . a t i ona l
stage is  meant to make plausib le that  a real  meaning,  as seen f rom
the  sc i ence  unde r  d i scuss ion ,  can  be  a t t ached  t o  t he  ma thema t i ca l l y
possib le factor .  So an under ly ing theory is  l ranted,  which may be
vague or rudimencary,  but  should be powerfu l  enough Eo discuss the
tenab i l i t y  o f  p roposed  i n t e rp re ta t i ons .  Fo r  on l y  by  de fend ing  o r
re j ec t i ng  a  ce r t a i n  i n t e rp re ta t i on  f ac to r  ana l ys i s  can  become  a
valuable research tool  whereas on the contrary an analysis \ r i thout
an interpretat ional  stage ought to be considered as hardly more
than  an  exce rc i se  i n  compuEa t i on "  ( p .  183 ) .  E l f f e r s  e t  a l .  f u r t he r
note that  the rotat ional  indet .erminacy can be overcome only i f
there is  an under ly ing lheory scrong enough to be able co maintain
o r  r e j ec t  a  g i ven  so lu t i on  (pp .  IBB  -  lB9 ) .  Acco rd i ng  co  t he
reconmendaE ions  o f  A rms t rong  (1967 )  a  pa rE i cu la r  i nves t i ga to r
shou ld  make  p r i o r  eva lua t i ons  be fo re  conduc t i ng  a  f acco r  ana l ys i s .
These  eva lua t i ons  shou ld  be  i n  t e rms  o f  t he  app l i cab i l i t y  o f  t he
fac to r  mode l ,  t he  expec ted  number  o f  f ac to r s ,  t he  t ypes  o f  f ac to r s ,
t he  cons ide ra t i on  o f  t he  va r i ab les  and  t he  expec ted  re l a t i onsh ips
among the factors.
obv ious l y ,  t he  va l i d i t y  o f  t he  f ac to r  mode l  i s  t es ted  on  samp le
r esu l t s ,  such  as  i n  max imun  l i ke l i hood  f ac to r  ana l ys i s  (MLFA ;
see  Law ley  &  Maxwe l l ,  l 97 l ;  J i i r eskog ,  1967 ,  1969 ) .  MLFA  i s  based
on  t he  assump t i on  o f  mu l t i no rma l i c y  o f  t he  va r i ab les .  I n  a
Bayes ian  app roach  t o  f ac to r  ana l ys i s ,  a  p r i o r  j o i n t  dens i l y  can  be
spec i f i ed  f o r  t he  f ac to r  pa rame te rs  t haE  occu r  i n  t he  ma t r i ces  i n
wh i ch  t he  va r i ance -cova r i ance  ma t r i x  i s  decomposed .  The  l i ke l i hood
func l i on  i s  t hen  mu l t i p l i ed  by  t h i s  p r i o r  dens i t y  t o  ob ta i n  a
pos te r i o r  j o i n t  dens i t y  o f  t he  f ac to r  pa rame te rs .  P ress  (1972 ,
p .  317 )  po in t s  ou t  t ha t  t he  use  o f  i n f o rma t i ve  p r i o r  dens i t i e s  can
e l im ina te  che  ro ta t i ona l  i nde te rm inacy .  Ma r t i n  and  McDona ld  ( 1975 )
d i scuss  t he  app l i cab i l i t y  o f  a  p r i o r  i n f o rma t i ve  dens i t y  f o r  Y  t o
prevent the f requent ly observed Heywood cases (negat ive diagonal
e l enen t s  o f  Y ) .  I n  t he  p resen t  Bayes ian  app roach ,  i n f o rmaE ive
dens i t i es  f o r  t he  f ac to r  pa rame te rs  a re  spec i f i ed .  These  dens i t i es
a re  based  on  subs tan t i ve  t heo re t i ca l  cons ide ra t i ons  rega rd i ng  a
pa r t i cu l a r  r esea rch  p ro j ec t .  P r i o r  t heo re t i ca l  know ledge  o f  t he
pa ra lne te r s  can  be  i nco rpo ra ted  i n  t he  p r i o r  dens i t i e s .  Pa r t i a l l y
as  a  consequence  o f  t he  na tu re  o f  t he  f ac to r  pa rame te rs  a  r e l i ab l e
assessmen t  o f  t h i s  know ledge  i s  a  d i f f i cu l t  ma t t e r .  A l t hough  A  i s
gene ra l l y  used  f o r  i n t e rp re ta f i ve  pu rposes ,  t he  i n t e rp re ta t i on
o f  i t s  e l emen ts  i s  d i f f i cu l t .  I t  w i l l  howeve r  be  seen  i n  sec t i on
2 ,2  t ha t .  t he  p *p  va r i ance -cova r i ance  ma t r i x  can  be  decomposed  i n
a reparamet.er ized forrn.  I t  is  then composed in l )  the p*p diagonal
natr ix  wi th sEandard deviat ions of  the var iables 2)  the p*k matr ix
wi th correlat ions between the factors and the var iables and 3)  the
k*k factor  correlat ion matr ix  0.  The second ment ioned matr ix .  which
i s  ve r y  use fu l  f o r  i n t e rp reEa t i ve  pu rposes ,  i s  ca l l ed  t he
co r re l a t i on - s t r uc tu re .  Compared  w i t h  pa t t e rn  coe f f i c i en t s ,  p r i o r
i n f o r rna l i on  rega rd i ng  co r re l a t i on  coe f f i c i en t s  i s  eas ie r  t o  assess .
Th ink i ng  i n  co r re l a t i ona l  pa rame te rs  i s  con t rnon  t o  a  f acEo r  ana l ys t
who  uses  exp lo ra t i ve  f ac to r  ana l ys i s  Eechn iques  on  t he  samp le  co r re -
lat ion rnatr ix  of  the var iables.  Therefore,  i t  is  assumed here that
ex i s t i ng  p r i o r  i n f o rma t i on  rega rd i ng  t he  pa rame te rs  i n  t he  t h ree
na l r i ces  can  be  assessed  and  i nco rpo ra ted  i n  p r i o r  i n f o rma t i ve
d e n s i t i e s .  T h e  p r e s e n c  c h o i c e  o f  t h e  p r i o r  d e n s i t i e s  i s  c h i e f l y
based  on  s i r np l i c i f y ,  conven ience  and  f am i l i a r i t y .  Fu r t he rmore ,
t he  i den t i f i ca t i on  p rob len  can  be  reso l ved  by  spec i f y i ng  p r i o r
dens i t i es  w i t h  i den t i f i ed  modes  ( see  D rEze ,  1977 ) .  I ndependen t
no rma l  dens i t i es  and  i ndependen t  i nve rse  ch i  dens i t i e s  a re
assumed  f o r  t he  co r re l a t i on  coe f f i c i en t s  and  f o r  r he  p  s t anda rd
d e v i a t i o n s ,  r e s p e c t i v e l y .  T h i s  p a r t i c u l a r  c h o i c e  i s  f u r t h e r
d i scussed  and  wo rked  ou t  i n  t he  nex t  chap te r .  The  ass ignmenC o f
t he  va lues  t . o  t he  d i s t r i bu t i ona l  pa ramere rs  i s  h i gh l y  f ac i l i t a t ed
by  an  i n t e racE i ve  compu te r  p rog ram,  w r i t t en  by  t he  au tho rs .  I n
Eh i s  p rog ram,  ca l l ed  BAYFAC- I  (Bayes ian  Fac to r  Ana l ys i s - I n te rac t i ve ) ,
soph i s t i ca t i on  o f  a  pa r t i cu l a r  use r  r ega rd i ng  t he  f ac to r  pa rame te rs
i s  enhanced  by  means  o f  i n t e r roga t i ve  ques t i on i ng ,  Ano the r
essen t i a l  pa r t  o f  t he  p rog ram i s  t he  adap ta t i on  o f  i n i t i a l
spec i f i cac i ons  wh i ch  a re  imp rope r  ( i n  t he  sense  t hag  more  t han
s l i gh t  nonze ro  p robab i l i t i e s  a re  ass i gned  t o  i nadm iss i b l e
p a r a m e t e r  v e c t o r s ) .
Comb in i ng  t he  i oex t r i cab le  l i ke l i hood  f unc t i on  w i t h  t he  qu i r e
s i m p l e  j o i n t  p r i o r  d e n s i t y ,  a  c o m p l e x  p o s t e r i o r  d e n s i t y  i s  t h e
r e s u l t ,  i n  w h i c h  i t  i s  t o o  d i f f i c u l t  t o  o b t a i n  p o s t e r i o r  m a r g i n a l
dens i t i es  o r  expec ta t i ons .  Howeve r ,  pos te r i o r  moda l  es t ima tes  can
be  ob ta i ned  by  us i ng  an  opE im izaE ion  p rocedu re .  The  ass igned
va lues  t o  t he  p r i o r  modes  a re  t hus  d i r ee t l y  comparab le  t o  t he
obEa ined  pos te r i o r  moda l  va l ues .  The  pa ra l l e l  w i t h  t he  max imum
l i ke l i hood  app roach  i n  us i ng  max im iz i ng  va lues  as  t he  Bayes ian
e s t i m a t e s  i s  s e l f - e v i d e n t .  T h e  p o s t e r i o r  d e n s i t y  i s  o p t i m i z e d
he re  by  means  o f  a  non - i n te racE . i ve  p rog ram,  ca l l ed  BAYFAC-O
(Bayes ian  Fac to r  Ana l ys i s -Op t im i za t i on ) ,  a l so  w r i t t en  by  t he
a u t h o r s .
Th i s  chap te r  conc ludes  w i t h  an  ove rv i ew  o f  t he  com ing  chap te r s .
Chap te r  2  p resen t s  t he  comp le te  r epa rame te r i - zed  Bayes ian  f ac to r
modeL .  Some  o f  t he  remarks  i n  t h i s  i n t r oduc to r y  chap te r  a re
cons ide red  i n  de ta i l  and  o the r  Bayes ian  app roaches  t o  f ac to r
ana l ys i s  a re  d i scussed .  Use fu l  machemac i ca l  deduc t i ons  f o r  t he
op t im i za t i on  a re  g i ven  i n  t he  append i x  o f  t he  chapLe r .  Chap te r  3
g i ves  a  de ta i l ed  desc r i p t i on  o f  r he  acqu i r i ng ,  check ing  and
adjust ing of  the pr ior  informat ion.  I l lustrat ions of  BAYFAC-I  are
given in the appendix.
Chapter 4 presents two examples of  appl icat ions of  BAYFAC-I  and
BAYFAC-O. The uniqueness of  the soluEions is  i l lustrated and the
re l a t i ve  we igh t s  o f  t he  l i ke l i hood  and  t he  p r i o r  dens i t y  a re
discussed in an example.
